Intro. to ODEs
Quiz 3 Solutions

1) Counsider (but do not try to solve) the following initial value problem.
dy _vi-y?
dr  In(x)
y(z0) = ¥o

a) What restrictions (if any) need to be placed on xy and yo so that the

existence of a solution is guaranteed?

In order for the right-hand side of the ODE to be continuous (and real-

valued) near the initial datum, we must have xg > 0 and z¢ # 1.

b) What quantity do we need to compute to examine uniqueness of solu-

tions? Compute that quantity.

or __ 2y
dy  3In(z)(4-y?)/°

¢) What restrictions (if any) need to be placed on zy and yo so that the

solution is guaranteed to be unique.

In addition to x¢p > 0 and zy # 1, we cannot be sure of uniqueness if

Yo = £2.

2) Find the general solution to the following first order differential equation.

dy Ty

£_x2+y2

Since this is a first-order homogeneous equation, we make the substitution

d d
y = xv which gives Y v+ x—v.
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3) Solve the following initial value problem.

dy 4
dr +xy =2y
1
0)=—
y(0) =3
This is a Bernoulli equation, and so we make the substitution z = y'~* = y=3.
This means y = 2z~ /% and
dz dy
e
dx v dx
dy 1 4dz
dx 37 da’
This transforms the ODE into
1 ,dz 4
d
i —3xz = -3z
which is a first-order ODE for z. Since the integrating factor is
U(Jj) — effBz dr _ 67312/2’
the solution for z is
[—3ze 3R dr+C 32 4O 502
_ _ _ x°/2
z(x) = p——reyp = Sen = Ce +1

This means the general solution of the original ODE is

y(z) = (cei’ﬂz/? + 1) o

Fitting the initial condition gives

So, the solution to our initial value problem is

y(z) = (7e3‘"“2/2 + 1)71/3 .



